We investigate the field dependence of the gauge couplings of N = 1 string vacua from the point of view of the low energy effective quantum field theory. We find that field-theoretical considerations severely constrain the form of the string loop corrections; in particular, the dilaton dependence of the gauge couplings is completely universal at the one-loop level. The moduli dependence of the string threshold corrections is also constrained, and we illustrate the power of such constraints with a detailed discussion of the orbifold vacua and the (2, 2) (Calabi-Yau) vacua of the heterotic string.
Introduction and Summary
A unified fundamental theory of all known forces has been one of the prime goals of theoretical high-energy physics. Among the presently known candidates for such a unified theory, string theories appear to be free of the mathematical inconsistencies at short distances that plague the fundamentally-local quantum field theories. This mild ultraviolet behavior results from an infinite tower of superheavy particles in the string spectrum; nevertheless, the long-distance limit of a string theory can be described by an effective quantum field theory (EQFT) containing only a finite number of local fields. Of particular importance is the heterotic superstring [1] whose massless spectrum can comfortably include the SU (3) × SU (2) × U (1) gauge fields of the Standard Model as well as families of chiral fermions with quantum numbers of the quarks and leptons.
Unlike conventional "Grand Unified Theories," string theory does not combine all the gauge forces into a single simple group; instead, at energies just below the string scale, the gauge group has a product structure G = a G a . Nevertheless, at the tree level of string theory, all the simple factors G a have related gauge couplings, [1, 2] g −2 a
= k a g where g string is the universal string coupling parameter and k a denotes the normalization of the gauge group generators (in string-theoretical terms, k a is the level of the Kač-Moody current algebra giving rise to G a ).
The universality of the tree-level gauge couplings (1.1) is spoiled at the loop level by the low-energy renormalization and by finite threshold corrections due to loops of charged superheavy particles that decouple from the low-energy EQFT. [3, 4] At the one-loop level of the string theory (and also of the EQFT), the running effective gauge couplings are given by 
where p is the momentum scale at which the effective couplings are measured (which is assumed to be much less than the mass of any superheavy string mode) and b a /16π 2 is the coefficient of the one-loop β-function of the low-energy EQFT.
Similar to the threshold corrections in ordinary GUTs, [3] the one-loop stringthreshold corrections ∆ a can be computed in terms of charges and masses of the superheavy string modes. [4] The physical interest of studying the string-threshold corrections is twofold:
First of all, as in any unified theory, ∆ a are part of the high-energy boundary conditions for the renormalization group equations for the gauge couplings of the Standard Model and thus affect their low-energy values; indeed, current electroweak measurements at LEP and SLC are precise enough to be sensitive to such threshold corrections. [5] Thus, in string-based models without additional, intermediate-scale thresholds in the observed sector, precision electroweak measurements impose stringent phenomenological constraints on the physics at the string scale. Note that for the string unification, the nominal unification scale (denoted by M string in eq. (1.2)) is not a free parameter of the theory (like M GUT in conventional GUTs) but a computable quantity; at the one-loop level of accuracy, M string ≈ g string × 5 · 10 17 GeV. [4] Therefore, in string theory, the threshold corrections ∆ a have much stronger phenomenological impact than in GUTs and deserve serious investigation. [6−8] The second, and for the present investigation more important aspect of the threshold corrections results from the extreme sensitivity of various low-energy non-perturbative effects to the ultraviolet values of the gauge couplings. A major problem of the string unification is that to all orders in perturbation theory, supersymmetric ground states of the heterotic string are not isolated from each other but come in continuous families of exactly degenerate vacua parametrized by the vacuum expectation values (VEVs) of gauge-neutral scalar fields Φ i usually called moduli. Generally, all couplings of the low-energy EQFT depend on the moduli VEVs and hence remain undetermined until some non-perturbative effects 3 induce a non-trivial effective potential for the moduli fields and lift the exact degeneracy of the perturbation theory. This effective potential is also essential for the spontaneous breakdown of spacetime supersymmetry at or just above the weak scale. [9, 10] It is of course possible that the non-perturbative effects giving rise to this effective potential are of an inherently stringy nature and thus are beyond our present knowledge. [11] However, there are good reasons to assume that the leading non-perturbative effects are due to infrared-strong interactions in a "hidden" sector of the low-energy EQFT. [12] The energy scale at which such interactions become strong -and thus the overall magnitude of all the field-theoretical nonperturbative effects -is controlled by asymptotically free gauge interactions, and hence the shape of the resulting effective potential for the moduli is extremely sensitive to the field dependence of the relevant gauge couplings. [9, 10, 13] Generally, moduli dependence of the gauge couplings of a string-based EQFT can be studied in two very different ways. One approach is to calculate the gauge string depends solely on the dilaton -a modulus common to all vacuum families of the heterotic string. For the N = 1 supersymmetric vacua, this dependence can be summarized as [14] f a ≡ 1
where S is (the bosonic part of) the dilaton/axion chiral superfield. At the oneloop level, the gauge couplings are given by eqs. (1.2) , in which the threshold corrections ∆ a do not depend on the dilaton but generally do depend on all the other moduli M i of the vacuum family. If the masses of the superheavy string modes are known as analytic functions of the moduli, then the moduli dependence of the ∆ a can also be evaluated in analytic form. Following this approach, L. Dixon and the present authors [15] have calculated the ∆ a of factorizable (0, 2) orbifolds as explicit functions of the untwisted moduli; the same method was subsequently extended to other classes of string vacua in refs. [16] [17] [18] [19] .
The other approach to the moduli dependence of the gauge couplings is based on constraints due to local supersymmetry of the low-energy EQFT. In the Wilsonian action of the EQFT, a gauge coupling appears in a chiral superspace integral d 4 xd 2 ΘE f a (Φ) tr a (W α W α ) and hence has to be a harmonic function, i.e., the real part of a holomorphic function f a (Φ) of the complex moduli fields. [20] The chirality of this action for the gauge superfields leads to a powerful norenormalization theorem: There are no perturbative corrections to the f a beyond the one-loop level. [21, 22, 16] On the other hand, the Wilsonian gauge couplings of an EQFT do not account for the low-energy loops of the light fields and hence do not immediately connect to physical quantities such as scattering amplitudes.
⋆
Instead, one may define more physical, momentum-dependent (running) effective gauge couplings, which are free of these problems, although they have complications of their own: The effective gauge couplings renormalize at all orders of the perturbation theory and their moduli dependence is non-harmonic. [15, [24] [25] [26] [27] [28] [29] [30] 13] However, this non-harmonicity is a purely low-energy effect and can be calculated from the low-energy EQFT without any knowledge of the superheavy particles;
it is the harmonic terms in the moduli-dependent effective gauge couplings that are sensitive to the physics at the high-energy threshold. Such terms can always be interpreted as threshold corrections to the Wilsonian gauge couplings f a (Φ), and because of the no-renormalization theorem, they can arise at the one-loop level of the perturbation theory or non-perturbatively, but not at any multi-loop ⋆ From the renormalization theory's point of view, the Wilsonian couplings are couplings of the EQFT from which the high-energy degrees of freedom are integrated out but the low-energy quantum operators are left as they are. On the other hand, the generating functional of the 1PI Feynman graphs defines a non-local effective classical action that summarizes all the quantum effects, both high-energy and low-energy. The distinction between the Wilsonian action and the effective classical action and between the corresponding couplings is described in detail in refs. 21,13,23. 5 level.
The effective gauge couplings are physical and hence invariant under any exact symmetry of the low-energy EQFT. However, in order to cancel the potential anomalies arising from chiral rotation and rescaling of the charged fermions, the Wilsonian gauge couplings may be subject to non-trivial transformation laws, which are determined at the one-loop level of the EQFT in terms of its tree-level couplings. [25] [26] [27] 13] These anomalous transformation laws act as extremely powerful constraints on the holomorphic functions f a (Φ); indeed, if the moduli space of the EQFT modded out by all the discrete symmetries were a compact non-singular manifold, the f a (Φ) would be completely determined (up to constant terms) by their symmetry transformations alone. [13] More generally, the functional form of the f a (Φ) is determined by their transformation properties and their asymptotic behaviors at the singular points of the moduli space and along its non-compact directions (i.e., the large radius limit of a Calabi-Yau manifold).
The purpose of this article is to interrelate the string-theoretical and the fieldtheoretical approaches, to establish their mutual consistency and to demonstrate the power of the field-theoretical constraints in the context of string theory. In the following section (2), we discuss generic properties of four-dimensional, N = 1 supersymmetric vacuum families of the heterotic string; essentially, we impose the special properties of the dilaton superfield S in an otherwise generic EQFT.
We show that at the one-loop level, the dilaton dependence of the effective gauge couplings is completely universal: In terms of eq. (1.2),
4)
M string is g string M Pl times a numerical constant and the gauge-group-specific threshold corrections ∆ a (M, M) are dilaton-independent; this is exactly what one obtains from the direct string-loop expansion. [31] Furthermore, perturbative consistency between the EQFT and the string theory requires the "universal" threshold correction ∆ univ in eq. (1.4) to have exactly the same moduli dependence as the Green-Schwarz term in the Kähler function, which is the field-theoretical description of the mixing between the dilaton and the moduli at the one-loop level of the string. [26−28] Consequently, given the functional form of the string-theoretical threshold corrections ∆ a (M, M), field-theoretical techniques can use such data to determine both the Green-Schwarz term and the exact Wilsonian gauge couplings of the EQFT. [25] [26] [27] [28] [29] 32] Indeed, we shall see that the non-harmonic part of the moduli dependence of the combined threshold
is completely fixed by the low-energy EQFT in terms of the tree-level Kähler function. Thus, the discrepancy between the non-harmonic parts of the stringtheoretical ∆ a (M, M ) and the field-theoretical constraints on the∆ a (M, M) determines ∆ univ and hence the Green-Schwarz term up to a holomorphic ambiguity.
At the same time, the remaining, harmonic part of a∆ a (M, M) determines the moduli dependence of the one-loop correction to the Wilsonian gauge coupling f a (S, M ), and because of the no-renormalization theorem for the Wilsonian gauge couplings, the resulting f a are exact to all orders of the perturbation theory.
In section 3 we demonstrate the power of the field-theoretical constraints on the holomorphic functions f a (M ) and show that their exact form can often be obtained from essentially tree-level properties of the string vacua. Specifically, we consider families of factorizable (0, 2) orbifolds, which are invariant under a group of discrete symmetries called modular transformations. These symmetries are exact to all orders of the string perturbation theory, but the way they act on the massless charged fields can be fully determined from the tree-level Kähler function of the EQFT. In Appendix B, we present a string-theoretical calculation of the relevant parameters of this function, which in turn tells us the exact anomalous transformation rules for the Wilsonian gauge couplings f a . Furthermore, we
show that the holomorphic functions f a (M ) have no singularities for any finite 7 values of the moduli fields and that their divergences in the decompactification limit are no worse than power-like with respect to the radii of the internal sixtorus. Together, these data are sufficient to determine the functions f a (M ) up to moduli-independent constants.
For the factorizable orbifolds we thus have two independent means of calculating the moduli dependence of the gauge couplings in an analytic form: The field-theoretical method outlined above, and also the direct string-theoretical approach of ref. 15 . We show that the two calculations yield the same functional form for the moduli-dependent threshold corrections, but the numerical coefficients of similar terms are given by apparently unrelated formulae. Nevertheless, for all the orbifolds we have studied we found those numerical coefficients to fully agree with each other; a number of examples are presented in Appendix C.
Finally, in section 4 of this article we discuss the (2, 2) vacuum families of the heterotic string; Calabi-Yau compactifications [33] are the best-known examples of such vacua. The (2, 2) families possess intricate tree-level relations between the couplings of the charged matter fields and the geometry of the moduli space. [34, 35] These relations allow us to derive the anomalous transformation rules for the Wilsonian gauge couplings under discrete symmetries from the Kähler function and the transformation rules for the moduli fields, without any additional stringtheoretical information. Furthermore, the gauge group of a generic (2, 2) vacuum is E 6 × E 8 , and the difference between the gauge couplings for E 6 and E 8 turns out to be related to the topological index F 1 defined in ref. 36 . This index is computable in geometrical terms for the large-radius Calabi-Yau threefolds and thus provides additional information about the large-radius behavior of the gauge couplings. Consequently, given all the symmetries and all the singularities of a threefold's moduli space, one often has enough constraints for the holomorphic functions f 6 (M ) and f 8 (M ) to completely determine their form. As an example of this method, we calculate the dependence of the Wilsonian gauge couplings on the only (1, 1) modulus of the quintic threefold. [37, 36] let us iterate a few points: First, the supersymmetric cutoff discussed in ref. 13 is purely perturbative in nature and cannot be used to define a locally supersymmetric EQFT in a manifestly unitary non-perturbative way; there is no known supersymmetric analogue of the lattice cutoff for ordinary gauge theories. Therefore, our formalism presumes that all the Wilsonian couplings of the EQFT cut-off at the string threshold are weak enough to use perturbation theory; physically, this means that all the interactions at the string scale must be perturbatively weak. Note that this assumption does not exclude strong interactions at much lower energies. However, strong interactions right at the string scale would require a different field-theoretical formalism -as well as a non-perturbative string theory.
Second, manifest local supersymmetry of the regularized EQFT is not enough:
One also needs to maintain full d = 4, N = 1 gauge invariance of the theory.
(To be precise, the background gauge invariance should be manifest while the quantum gauge invariance is protected by the BRST symmetry.) Such a regularization ought to be possible, but the specific prescription displayed in ref. 13 presumes that only the gauge and the charged matter superfields are affected by the gauge transformations while the background gravitational and moduli superfields remain inert. In particular, we did not allow for linear superfields with Chern-Simons couplings to the gauge superfields because of technical difficulties with regularizing such couplings. Fortunately, linear superfields are always dual to chiral superfields, so one can avoid these difficulties by using the latter rather then the former.
Although from the field-theoretical point of view there is no harm (and much benefit) in putting all the scalar particles into chiral supermultiplets, from the string-theoretical point of view, using the chiral superfield S for the dilaton-axiondilatino multiplet does it serious injustice. While for all other light particles the relation between the vertex operator of the string theory and the corresponding unnormalized quantum field of the EQFT is completely determined at the tree level and suffers from no corrections at higher orders, the dilaton, axion and dilatino vertices have similarly fixed relation to components of the linear superfield L, but their relation to the components of the chiral superfield S has to be adjusted order-by-order in perturbation theory. For this reason, whenever the low-energy limit of the heterotic string is discussed in terms of the generating function (sometimes called "the effective classical Lagrangian"), the linear superfield L gives a clearer picture of the dilaton-axion physics than the chiral superfield S. [26−29] On the other hand, the analytic properties of the Wilsonian couplings are more transparent in the chiral superfield formalism. Hence, for the purpose of this article, we prefer to work with S rather than L.
With all these preliminaries in mind, let us consider the Kähler function K of a string-based EQFT. K is a real analytic function of all the chiral superfields which controls their sigma-model-like interactions and the geometry of the field space. Generically, expanding K in powers of the matter superfields ⋆ Q I and QĪ,
we have
where Φ stands for all the chiral moduli superfields, including both the moduli M i and the dilaton-axion S; the '· · ·' stand for the higher-order terms in Q I which are irrelevant for the present discussion. Note that in our notations the matter superfields Q I have canonical dimension one while the moduli are dimensionless.
(A Φ = O(1) corresponds to a Planck-sized modulus VEV in conventional units.) At the tree level of both the string theory and the EQFT,
⋆ In our terminology, the "matter" consists of all the scalar superfields that are not moduli and do not have Planck-sized VEVs. All the charged scalar superfields are matter, including the "hidden matter" charged under a "hidden" gauge symmetry. Gauge-singlet superfields that are prevented from acquiring Planck-sized VEVs by their Yukawa couplings are also treated as matter.
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while the kinetic-energy matrix ZĪ J for the matter fields depends on the string moduli M i and Mī but not on the dilaton. The specific form of the functionŝ K(M, M) and ZĪ J (M, M) depends on the details of the world-sheet SCFT defining a particular family of string vacua; their properties for orbifolds and CalabiYau manifolds are discussed later in this article (sections 3 and 4).
The dilaton and its superpartners arise in the spacetime sector of the worldsheet SCFT rather than in its internal sector. Consequently, its couplings are model independent at the tree level (cf. eqs. (1.3) and (2.2)), although the loop corrections destroy this universality. Thus, eq. (2.2) becomes
similarly,
Note that in both formulae, the dilaton appears only in combination (S+S) -this is required by the continuous Peccei-Quinn symmetry S → S + iγ, which holds to all orders of the perturbation theory. Furthermore, all the loop corrections come as power series in 1/8π 2 (S + S), which serves as the string's coupling parameter. † † Actually, the true string-loop counting parameter is e −2φ where φ is the field defined by the dilaton's vertex operator; the precise relation between e −2φ and 1/(16π 2 Re S) is itself subject to loop corrections. Therefore, the n-loop order corrections are generally of the order O(1/(16π 2 Re S) n ), but they also contain sub-leading terms of higher orders in 1/(16π 2 Re S). For example, the one-loop effects not only determine the first-order coefficients V (1) (M, M ) and Z , etc., etc. The way the loop counting works in terms of S is that the terms of the relative order 1/(16π 2 Re S) n are completely determined at the n-loop order -not solely from the genus-n world sheet, but from all the genii from zero to n. Now consider the superpotential W , which is a holomorphic function of the chiral superfields. Generically, it looks like
where the '· · ·' stand for the non-renormalizable higher-order terms, but at the tree level of the heterotic string, the couplings µ IJ , Y IJK , etc., depend only on the string moduli M i but not on the dilaton S. In field theory, there is no renormalization of the Wilsonian superpotential ‡ and even the finite threshold corrections to W are always completely determined at the tree level; in string theory, the same result follows from the Peccei-Quinn symmetry in combination with the holomorphicity. [39] Indeed, W is a holomorphic function of all the chiral superfields and thus cannot depend on the dilaton Re S without at the same time being dependent on the axion Im S. On the other hand, the Peccei-Quinn symmetry does not allow for any non-derivative couplings of the axion field and hence to all orders of the perturbation theory, the entire Wilsonian superpotential (2.5) does not depend on the dilaton-axion superfield S. Furthermore, since the loop expansion of the string theory is controlled by the dilaton, it follows that the string-loop corrections do not affect the Wilsonian superpotential of the EQFT.
Like the superpotential, the Wilsonian gauge couplings f a are holomorphic functions of the chiral superfields. Therefore, their dependence on the dilaton superfield S is also severely restricted by the Peccei-Quinn symmetry. Taking into account the tree-level formulae (1.3) and the loop-counting property of the dilaton, it is easy to see that to all orders of the perturbation theory, one must have [22, 40] 6) where the second term on the right hand side is completely determined at the oneloop level of the perturbation theory and suffers from no higher-order corrections. ‡ The two-loop corrections discussed in ref. 38 affect the effective Yukawa couplings of a theory with massless chiral superfields but not its Wilsonian Yukawa couplings.
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Again, we see that the string theory upholds the no-renormalization theorems of the supersymmetric field theory, where the Wilsonian gauge couplings do not suffer from either infinite or finite corrections beyond one loop. [21] We also see that the entire moduli dependence of the f a is controlled by the one-loop effects;
this result is fundamental for the present investigation.
Note that the stringy no-renormalization theorems for the superpotential and for the Wilsonian gauge couplings depend on the anomalous Peccei-Quinn symmetry and thus are purely perturbative in nature. Non-perturbatively, the continuous Peccei-Quinn symmetry is broken down to its anomaly-free discrete subgroup, whose invariants include the holomorphic exponential exp(−8π 2 S) of the dilaton superfield. Thus, beyond the perturbation theory, one expects
and similar corrections to the Wilsonian gauge couplings f a (S, M ). 
where r runs over the representations of the gauge group G = a G a ,
n r is the number of the matter multiplets in the representation r and Z eff (r) is the block of the effective normalization matrix Z ef IJ referring to the "flavor" indices of those matter multiplets. Finally, Λ is the nominal UV cutoff scale of the regularized EQFT; to assure that the functions f a (Φ) correctly represent the The k a Re S term, which is the tree-level coupling, and the log(S +S) term, which arises at the one-loop level. Remarkably, for any gauge coupling of any stringbased N = 1 supersymmetric EQFT, the coefficient of the latter one-loop term is precisely the coefficient b a /16π 2 of the one-loop beta-function. Hence, the dilaton dependence of the one-loop corrections to the effective gauge couplings amounts to a universal change of the couplings' unification scale: The natural starting point for the renormalization of the effective gauge couplings is not the
[1 ] † On the other hand, the Wilsonian gauge couplings (2.6) unify at the Planck scale rather than at the string scale.
Actually, this "disagreement" as to whether the string threshold is at M string or at M Pl is similar to what happens at any threshold of a supersymmetric EQFT and has nothing specifically stringy about it. Indeed, at in ordinary GUT or at an intermediate-scale threshold, the effective gauge couplings of the unbroken part of the gauge group measure the threshold scale in terms of the physical masses of the heavy gauge bosons and other charged particles.
[3]
On the other hand, the Wilsonian gauge couplings are sensitive to the unnormalized Higgs VEVs [13] rather than to the physical masses; furthermore, it is the unnormalized Higgs
VEVs that control the residual, non-renormalizable "weak" interactions due to the broken part of the gauge group. Thus, for every threshold we have two distinct threshold scales, which differ from each other by a factor proportional to the gauge coupling. This is precisely what happens at the string threshold: The physical masses of the massive string modes are proportional to M string but the strengths of the non-renormalizable interactions below the string threshold, including the gravitational coupling κ, are proportional to powers of g string /M string ∼ 1/M Pl rather than simply powers of 1/M string . Furthermore, whenever some particles can be either light or heavy depending on some moduli VEVs, in order for the physical masses of those particles to be of the order M string , the unnormalized VEVs of the Higgs-like moduli have to be of the order O(M Pl ). Thus, the effective gauge couplings "feel" the string threshold at M string , while the Wilsonian couplings register that threshold at the Planck scale.
Thus far, we have discussed the effective gauge couplings g a from the point of view of the string-based EQFT. However, the same couplings can be calculated † Notice that the dilaton dependence of this string scale is a matter of convention. From the effective supergravity point of view, the Planck scale is field-independent while M string ∝ (S + S) −1/2 , but in the string theory, it is natural to use the string scale as a fieldindependent unit of mass while
directly in the perturbative string theory. At the one-loop level, the result can be generally expressed in terms of eqs. (1.2). Emphasizing the moduli-and dilatondependence of all the terms, we have 11) where, at the required level of accuracy, M 2 string is indeed given by the M 2 Pl /(S+S) times a numerical constant. The dilaton-dependence of the "universal" coupling g string follows from the usual loop-counting arguments: At the tree level, g −2 string = Re S, while at the one-loop level we have eq. (1.4). The non-universal (i.e., gauge group dependent) string-threshold corrections ∆ a follow from the spectrum of the massive modes of the heterotic string: 12) where the domain of integration Γ is the fundamental domain for the modulus τ of the world-sheet torus and
Here T (a) is a generator of the gauge group G a , q = e 2πiτ , s = (s 1 , s 2 ) denotes the NSR boundary conditions for the fermions on the supersymmetric side of the world sheet, F is their fermion number and Z Ψ is the partition function of a free complex Weyl fermion; the − ka 8πτ2 term [17] is included for the sake of the modular invariance of the functions τ 2 B a (τ,τ ). ⋆ The trace in eq. (2.13) is taken over the internal c = (22, 9) sector of the world-sheet SCFT; in general, it depends on all
) emerges when the properly regularized Kac-Moody currentcurrent correlator J (a) (ζ)J (a) (0) is integrated over the world sheet.
[17] The − ka 8πτ2 term is obviously universal with respect to the gauge couplings and thus can be dropped from the moduli of that internal sector, but not on the dilaton (which originates in the spacetime sector of the SCFT). Consequently, the string-threshold corrections ∆ a (M, M ) depend on the string moduli M i and Mī but not on the dilaton field S. Thus, we conclude that in string theory, the dilaton dependence of the effective gauge couplings g a is exactly as in the field-theoretical formula (2.10).
[31]
Moduli Dependence of the Gauge Couplings
Having discussed the dilaton dependence of the gauge couplings we now turn our attention to their dependence on the moduli M i originating in the internal sector of the world-sheet SCFT. Let us compare the one-string-loop formula (2.11) for the effective gauge couplings g a with the one-loop EQFT formula (2.10). We have already seen that the dilaton-dependent parts of the two formulae agree with each other. To assure agreement between the S-independent but modulidependent parts of eqs. (2.11) and (2.10), we now need
(up to an O(1) numerical constant), where∆ a are as in eq. (1.5). The obvious meaning of eqs. (2.14) is that they are formulae for the one-loop corrections to the Wilsonian gauge couplings f a in terms of quantities computable in string theory. The first term on the right hand side originates at the one-loop level of the heterotic string theory; the other two terms subtract the one-loop corrections arising in the low-energy EQFT and thus are computable in terms of the treelevel properties of the string. Despite the one-loop-approximate nature of these right-hand terms, the left-hand side is protected from any higher-loop corrections.
eq. (2.13) while its effect is absorbed into ∆ univ -this is exactly what was done in ref. 4 . However, it is not the only universal threshold correction to all the gauge couplings, so in addition to the − ka 8πτ2 term in eq. (2.13), we also retain the ∆ univ term in eq. (1.4) in order to account for the other universal corrections. Later in this section, we will show that it is this latter ∆ univ term which is related to the Green-Schwarz term V (1) in eq. (2.3).
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Thus, as far as the Wilsonian gauge couplings f a are concerned, eqs. (2.14) are exact to all orders of the perturbation theory.
Manifest supersymmetry of the low-energy EQFT's Wilsonian Lagrangian requires holomorphicity of the functions f For generic vacuum families of the heterotic string, the CP-odd one-stringloop scattering amplitudes were calculated by Antoniadis, Gava and Narain. [17] They found
where ∆ a (M, M) are given by eq. (2.12) in which B a (τ,τ ) of eq. (2.13) are replaced with
involving the odd Ramond-Ramond sector rather than the 3 even sectors. There is a subtle difference between the string-theoretical and the fieldtheoretical axionic couplings of the moduli: In field theory, the axionic couplings related by the spacetime supersymmetry to the derivatives of the the effective gauge couplings (2.11) are 1PI Green's functions, but the string-theoretical axionic amplitudes (2.16) are fully-dressed scattering amplitudes. Diagrammatically, the relation between these fully-dressed amplitudes and the 1PI Green's functions is
18)
⋆ The right-moving fermion number operator F has half-integer values in the Ramond sector, hence the (−1)
2 sign factor for the Ramond-Ramond boundary conditions. However, by abuse of notations, this factor is commonly written as simply (−1) F .
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which at the one-loop level reduces to
Note that the virtual particle in the second diagram here has to be the axion Im S because it is the only scalar with tree-level axionic couplings to the gauge bosons. At the one-loop level, the mixing of the axion Im S with the moduli M i
and Mī is controlled by the "Green-Schwarz" term
thus, in light of eqs. (2.11) and (1.4),
Comparing these amplitudes with the string amplitudes (2.16), we now conclude that the spacetime supersymmetry is indeed consistent, provided
(up to a moduli-independent constant). In other words, at the one-loop level,
in precise agreement with the definition of the universal string coupling in the linear multiplet formalism. [26] [27] [28] [29] 17, 41] Ref. 17 gives an explicit string-theoretical formula for the Green-Schwarz function V (1) (M, M), but the supersymmetric consistency conditions (2.15) allow us to obtain this function without any additional string-theoretical calculations.
Indeed, eqs. (2.15), (1.5) and (2.21) together imply
, (2.22) whereK and Z tree (r) are determined at the tree level of the string theory while ∆ a is computed via eqs. (2.12) and (2.13) (or (2.17)). Eq. (2.22) determines the Green-Schwarz function V (1) (M, M) up to an arbitrary harmonic function
This remaining indeterminacy is related to a fact that unlike all other fields of the low-energy EQFT, the chiral dilaton superfield S has no fixed relation to vertices of the string theory. Thus, we are free to re-define
as long as H is a holomorphic function of the chiral moduli M i . This redefinition naturally affects the analytic form of the Kähler function (2.3); at the one-loop level, the effect is precisely (2.23).
Field Theoretical Constraints for Orbifolds
Thus far our discussion of the moduli dependent gauge couplings was completely generic; we gave a general formula for the moduli and dilaton dependence of the gauge couplings (eqs. (2.10)) and outlined how to compute this moduli dependence in string theory (eqs. (2.12), (2.17) and (2.22)). However, for many families of the heterotic string vacua, their special properties may be used to severely constrain the holomorphic functions f The effective gauge couplings g a (p 2 ) are physical quantities and hence must remain invariant under all the exact symmetries of the theory. The transformation properties of the Wilsonian gauge couplings f a are not so obvious because these couplings act as counterterms cancelling potential anomalies of the EQFT. [25] [26] [27] 13] Specifically, there are two supersymmetrized Adler-Bell-Jackiw anomalies at play:
The Konishi anomaly arising when charged chiral matter superfields are mixed with each other, [42] 
and the anomaly of the Kähler transformations
cancellation of the combined anomaly requires [13] 
In this section we are going to demonstrate the power of the field-theoretical constraints on the Wilsonian gauge couplings. We shall see that for many orbifolds vacua of the heterotic string [43] such constraints uniquely determine the functions f a (M ); furthermore, when we restate the results in terms of the moduli dependence of the physical threshold corrections∆ a , we shall find the latter in complete agreement with the string-theoretical threshold corrections computed in ref. 15 . To facilitate this comparison, we focus on exactly the same class of factorizable abelian (0, 2) orbifolds as were discussed in ref. 15 , although we briefly return to more general orbifolds at the end of this section.
The best way to describe a generic factorizable orbifold is to build one. As usual, we begin with a toroidal compactification of the ten-dimensional heterotic string. At this stage, we do not allow any Wilson lines, discrete or continuous; instead, we keep the six internal dimensions completely separate from the E 8 ×E 8 degrees of freedom. Moreover, we split the six internal dimensions into three orthogonal planes and compactify each plane into a separate two-torus. The purpose of this restriction is to simplify the moduli space of the theory: as long as we keep the above constrains, we have two complex moduli T i and U i for each of the three planes (i = 1, 2, 3); furthermore, there is a separate SL(2, Z) duality symmetry for each of the six moduli T i and U i . [44] At the second stage, we twist the theory by a discrete symmetry group; this may require freezing of some or all of the U i moduli. We insists that all the group elements avoid mixing the planes but rotate each plane onto itself; together with the need to preserve N = 1 spacetime supersymmetry, this requirement limits us to the abelian twist groups only. Finally, we limit the asymmetry of the twists by requiring all rotations of the three internal planes to be symmetric with respect to the left-moving and right-moving bosonic operators comprising each plane. However, beyond the constraints of modular invariance, we do not ask for any relation between the twisting of fermionic superpartners ψ i of the internal coordinates X i and the way the same twist acts upon the E 8 × E 8 degrees of freedom. Thus, we are not limited to the completely symmetric (2, 2) orbifolds but allow for a rather large class of the (0, 2) orbifolds, and our analysis of the moduli dependent gauge couplings applies to all the gauge symmetries such an orbifold might have.
In the literature, the term "modulus" has an ambiguous meaning in the orb- 25 ifold context. Here we consider an exact flat direction of the scalar potential to be a modulus if and only if one can vary its expectation value without changing the spectrum of the light fields that appear in the low-energy EQFT. In particular, all the moduli must be neutral with respect to all the low-energy gauge symmetries. For the purposes of this article, we keep in the low-energy EQFT all the gauge symmetries originating in the E 8 × E 8 (or D 16 ) world-sheet degrees of freedom. A twisted state of an abelian orbifold is generally charged under at least one of those gauge symmetries and thus should not be considered a modulus even if it happens to parametrize an exactly flat direction of the scalar potential.
Disregarding possible exceptions to this rule, ⋆ we limit the present analysis of the moduli-dependent couplings to the untwisted, i.e., toroidal moduli of factorizable orbifolds. Furthermore, for the sake of notational simplicity, we concentrate on the diagonal moduli T i and U i of the tree two-tori, although our analysis could be straightforwardly generalized to include the off-diagonal toroidal moduli of the
On the other hand, treating all the T i and U i as moduli means that we may only consider the couplings of the gauge symmetries that originate in the For some special values of these moduli, the momenta/windings of the six-torus give rise to additional massless vector bosons [43] , but the couplings associated with such "accidental" gauge symmetries do not belong in the low-energy EQFT which treats all of the T i and U i as moduli. Instead, they belong in the EQFT that includes the "accidentally" light particles and re-interprets some of the T i and U i as charged Higgs fields rather than moduli. However, in this article we only concentrate on the more generic gauge couplings.
⋆ If a (0, 2) orbifold has sectors where the X i (and the ψ i ) are twisted but the E 8 × E 8 (or D 16 ) degrees of freedom remain completely untwisted, then such sectors may give rise to neutral massless scalars. It is not known if any such neutral twisted scalars have exactly flat potentials; if they do, they should be regarded as moduli, but we are not going to discuss them any further in this article.
Having defined the factorizable orbifolds and their gauge couplings, let us now consider the symmetry constraints on the f a . Under the modular symmetries, the toroidal moduli of an orbifold transform according to [44] 4) i.e., a, b, c, d ∈ Z and ad − bc = 1; the M here is either a T i or a U i and there is a separate SL(2, Z) matrix for each such modulus. The tree-level Kähler function for the toroidal moduli of any factorizable orbifold has the form [14, 45, 34] 
where the sum is over all the toroidal moduli; under the symmetries (3.4), this
Kähler function transforms according to eq. (3.2) with
Note that although the tree-level Kähler function (3.5) is corrected by string loops, the holomorphic function (3.6) has to be exact to all orders of the perturbation theory: This follows from the fact that the Wilsonian superpotential W in eq. (3.2) is protected from any perturbative renormalization.
The same argument can be used to obtain the exact transformation properties of the matter fields themselves from the tree-level matter normalization
. This matrix has to be calculated directly from the string theory; besides the spectrum of the light particles, it is the only model-dependent string-theoretical data we need for our purposes. The calculation is performed in Appendix B (see also refs. 34, 32 and 17); the result is
where the exponents q i I are rational numbers depending on the twist sector giving rise to a matter field Q I , on the angle by which the internal X i coordinate is 27 rotated by that twist and on the presence of the ∂X i or ∂X i world-sheet operators in the vertex for the Q I . In Appendix B we give an explicit formula for all the q i I , but for the present discussion we only need the general form of eq. (3.7). The transformation of Z (0) IJ under the SL(2, Z) symmetries follow from eqs. (3.7) and (3.4) and in turn determine the transformation rules for the matter fields:
where Υ I J is a moduli-independent unitary matrix. Again, although the treelevel normalization matrix (3.7) suffers from both field-theoretical and stringtheoretical higher order corrections, the transformation rules (3.8) are exact to all orders of the perturbation theory.
According to eq. (3.3), the modular transformation rules (3.6) and (3.8) completely determine the behavior of the Wilsonian gauge couplings f a under the same modular transformations. Since the chiral dilaton superfield S is defined by the string only up to re-definitions (2.24), we adopt a convention in which S is completely inert under all the modular transformations. Hence, the entire transformation (3.3) is due to the Wilsonian threshold corrections f 1 a (M ), which thus transform according to
(modulo an imaginary constant), where
Mathematically, eqs (3.9) resemble the modular transformation rules for loga-⋆ This also follows from eqs. (2.14).
rithm of the Dedekind's η function, which leads us to conclude that
where p a are modular invariant (up to imaginary constants) holomorphic functions of the toroidal moduli M i . This form makes manifest the modular invariance of the physical threshold corrections∆ a . Indeed, substituting eqs. (3.5), (3.7) and (3.11) into (2.14), we arrive at
We are now going to argue that for factorizable orbifolds p a (M ) = const; as a first step in this direction, let us consider possible singularities of these functions. As far as the perturbative string theory is concerned, a toroidal modulus of a factorizable orbifold is either completely frozen by the twist group or else can take any finite values in the right half of the complex plane (Re M > 0).
However, a perfectly regular string vacuum may lead to a singular EQFT if some particles that are massive for generic values of the moduli become massless at that particular point (or subspace) of the moduli space. In factorizable orbifolds, this happens whenever T i ≡ U i (mod SL(2, Z)), at which point momenta/windings in the X i plane give rise to several massless particles; however, such "accidentally massless" particles are always completely neutral with respect to any low-energy gauge symmetry originating in the
although some of the low-energy EQFT's couplings may become singular when Z) ), the gauge couplings we are interested in do not develop any singularities at the one-loop level. † At higher-loop levels, these couplings may also become singular, but the absence of the one-loop singularities is all we need to † For a discussion of some of the singular couplings see ref. 46 . [47]
The j(iM ) function is finite for any finite M in the right half plane, but it grows exponentially in the Re M → ∞ limit. Hence, each p a is either entirely independent of a modulus M i or else it has to grow at least exponentially when Re M i becomes large.
Now consider the physics of the Re M i → ∞ limits: In the Re T i → ∞ limit, both periods of the two-torus for the internal complex coordinate X i become very large. In the Re U i limit, one of the periods of the same two-torus becomes very large while the other period becomes very small; by duality, the physics of this limit is the same as if both periods were very large. Thus, in each of the Re M i → ∞ limits, the orbifold decompactifies and the four-dimensional lowenergy EQFT becomes rather singular. However, we will show momentarily that the singularity of such a limit is relatively mild; specifically, the gauge couplings do not grow larger than O(Re M i ).
In order to obtain this bound, let us consider the following double limit of an orbifold vacuum: Re T 1 → ∞, other M i fixed, Re S → ∞ while the ratio Re T 1 / Re S is kept finite and small. Since all the physical couplings of the fourdimensional EQFT are proportional to the negative powers of the dilaton Re S, they are so small in this limit that the effective theory below the compactification scale is essentially classical. Above the compactification scale α ′ / Re T 1 of the complex coordinate X 1 , the theory is effectively six-dimensional and its loopcounting parameter is no longer simply g 2 4 ∼ 1/ Re S but rather g 2 6 ∼ Re T 1 / Re S. This modified loop counting applies not just to the six-dimensional field theory but to the string theory as well. [48, 49] Thus, as long as g 2 6 remains sufficiently small, we can use the perturbation theory at all energies. Physically, this implies that the loop corrections to the four-dimensional couplings should be small compared to their tree-level values. In particular, we got to have
(note that all the other moduli M i are fixed here). Since the one-loop threshold corrections∆ a do not depend on the dilaton, the inequality (3.13) is nothing but a bound on the large Re T 1 limit of the∆ a , namely |∆ a | ≤ O(Re T 1 ) in the large Re T 1 limit. Naturally, similar bounds
apply to all the other Re M i → ∞ limits. As an immediate corollary of these bounds, we may finally eliminate the functions p a (M ) in eqs. (3.11) and (3.12).
Indeed, 15) in good agreement with the bounds (3.14). On the other hand, the Re p a (M ) terms in eq. (3.12) are either constant or else they grow exponentially or even faster with Re M i → ∞. Having seen that the consistency of the perturbation theory does not allow for such a rapid growth, we conclude that p a have to be moduli-independent constants.
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This completes our field-theoretical study of factorizable orbifolds of the heterotic string. We have used the following string-theoretical data as input: The spectrum of the light particles, the tree-level couplings (3.5) and (3.7) and, most importantly, the knowledge that the SL(2, Z) modular symmetries (3.4) are not merely symmetries of the tree-level couplings but exact symmetries of the vacuum states of the heterotic string. ⋆ Given this string theoretical input, the fieldtheoretical constraints then determine the Wilsonian gauge couplings to be ex-
while the one-loop threshold corrections to the physical gauge couplings are pre-
In the large volume limit, these threshold corrections behave as 20) where the δ i GS are some numerical constants to which we shall return in a moment. The non-harmonic part of the first sum in this formula has the same form as the 
Turning our attention to the non-universal parts of the threshold corrections (3.17) and (3.19), we see that their functional form is the same but the coefficients do not seem to be related to each other. Thus, the field-theoretical and the stringtheoretical threshold corrections agree with each other if and only if We conclude this section with a few words about the orbifolds whose internal six-tori do not factorize into products of separate two-tori for each of the three X i . At the tree level, relaxing the factorizability condition does not affect in any way the Kähler functions (3.5) and (3.7); thus, we still have modular symmetries that act like (3.4) and (3.8) on the moduli and matter superfields calculating the string-theoretical threshold corrections for the non-factorizable orbifolds were developed by Mayr and Stieberger [18] ; their explicit results show that the ∆ a (M ) indeed include holomorphic invariants such as (3.23).
(2, 2) Supersymmetric Vacua.
In the previous section we saw how analytic knowledge of the moduli dependence of the orbifolds' tree-level couplings can be used to deduce (or at least severely constrain) the one-loop corrections to the gauge couplings. Now we turn our attention to the (2, 2)-supersymmetric vacua of the heterotic string, for which we also have some analytic knowledge of the moduli-dependent tree-level couplings. [34,35,37,50−55] Calabi-Yau compactifications of the ten-dimensional heterotic string are the best-known examples of such vacua. However, the (2, 2) vacua can be defined and studied in string-theoretical terms without any reference to the geometry of the six compact dimensions and without even assuming that the internal SCFT has any geometrical interpretation at all. Let us therefore begin this section with a brief review of the generic (2, 2) vacua and their known properties.
From the world-sheet point of view, a (2, 2) vacuum is defined by the following two features: First, the internal c = (22, 9) SCFT contains an SO(10) × E 8 leftmoving Kac-Moody algebra (k = 1 for both the SO(10) and the E 8 factors).
⋆
Second, the remaining c = (9, 9) part of the SCFT has N = (2, 2) world-sheet supersymmetry and both the left-and the right-moving N = 2 superalgebras have quantized U (1) charges F and F (these charges are always equal to the respective fermion numbers, hence the notation). As usual, the right-moving N = 2 superalgebra is responsible for the N = 1 spacetime supersymmetry; it is the left-moving N = 2 superalgebra that leads to the peculiar features of the (2, 2) vacuum families.
⋆ Alternatively, the internal SCFT of a (2, 2) vacuum may contain an SO(26) Kac-Moody algebra (also at level k = 1) instead of an SO(10) × E 8 . In this article, however, we focus on the SO(10) × E 8 case.
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The gauge group of any (2, 2) vacuum family is always G = E 6 × E 8 † and the matter fields Q I consist of h (1,1) 27 multiplets of the E 6 , h (1,2) 27 multiplets ‡ and some gauge singlets; none of the light matter fields is charged under the E 8 group. We limit our discussion to the moduli that preserve the (2, 2) nature of the vacuum. Such moduli are in one-to-one correspondence with the charged matter fields and thus we distinguish between the h (1,1) moduli T i related to the 27 matter fields and the h (1,2) moduli U i related to the 27's. At the tree level, these two types of moduli form separate moduli spaces and the Kähler function is a sumK
Furthermore, both moduli spaces have special Kähler geometries, so bothK 1 and K 2 can be written in terms of holomorphic pre-potentials F 1 (T ) and F 2 (U ). [56, 34, 35] Unfortunately, loop corrections do not respect the special Kähler geometry of the moduli space, so the holomorphicity of the prepotentials does not lead to any non-renormalization theorems for the Kähler functions.
The one-to-one correspondence between the moduli and the charged matter fields results in a close relation between their respective metrics: In matrix † For some special vacua within the family (corresponding to special points or subspaces of the moduli space), additional vector bosons and matter fields might become massless. In principle, the low-energy physics of such special vacua (and their close neighbors) should be described by a different EQFT that accounts for the additional light particles and it may also re-interpret some of the moduli as combinations of the matter fields. Such re-analysis is absolutely essential for studying the "accidental" enlargements of the gauge group and their couplings. On the other hand, provided the "accidental" gauge symmetries commute with the E 6 × E 8 and all the accidentally light matter fields are neutral under the E 6 × E 8 (both conditions are true in all the known examples), none of these extra fields have any one-loop-level impact on the gauge couplings of E 6 and E 8 . Therefore, in this section, we limit our attention to the E 6 and E 8 gauge couplings for generic (2, 2) vacua. ‡ For Calabi-Yau compactifications, h (1, 1) and h (1, 2) are the Hodge numbers of the manifold, hence the notation. For generic (2, 2) vacua, h (1,1) and h (1, 2) are simply integer parameters.
notations,
where G 1 and G 2 are the moduli metrics
Eqs. (4.2) and (4.1) are valid only at the tree level of the heterotic string, but that is all we need to determine the non-harmonic parts of the one-loop-level threshold corrections to the gauge couplings. Indeed, substituting eqs. (4.2) into eq. (2.10) and taking into account the group-theoretical factors, ⋆ we obtain [57, 17] ∆ E8 = Re f
Of particular interest is the difference between these two equations, 2) ] is the Euler number and f
The nonharmonic part on the right hand side here is precisely 12 times the "holomorphic anomaly" of the topological index F 1 of Bershadsky, Cecotti, Ooguri and Vafa. [36] Furthermore, using classical six-dimensional geometry, they proved that for the large-radius Calabi-Yau threefolds and their mirror images one indeed has
and hence F top -the holomorphic part of the F 1 -is the same as 
(9,9) (4.7)
SO(10)×E8
where the summation over the NSR boundary conditions now refers to the leftmoving world-sheet fermions. The second trace in this formula distinguishes between the gauge couplings of the E 8 and of the E 6 (for the E 6 one uses a generator T (a) in SO(10) ⊂ E 6 subgroup), but it is totally insensitive to specific properties of a particular (2, 2) vacuum. All such traces (altogether six, for the two gauge groups and the three even NSR boundary conditions) can be easily obtained from the characters of the SO(10)×E 8 Kač-Moody algebra or even from the partition functions Z E8 (τ ) and Z SO(10) (s, τ ) = Z 5 Ψ (s, τ ) (Z Ψ is the partition function of one complex free fermion or two real ones); in terms of the partition functions, the second line of eq. (4.7) equals to
We do not see how one can further simplify eqs. (4.8), but we can simplify the difference of the two expressions. Using the partition function identities
it is easy to show that for each of the three even NSR boundary conditions, the heterotic string and the type II superstring. [58] In the context of (4.8) and (4.7), the bosonic/supersymmetric map (4.10) immediately gives us where the boundary conditions are Ramond-Ramond on both sides of the c = (9, 9) SCFT and no other world-sheet degrees of freedom are involved.
In the path-integral formulation of N = (2, 2) SCFT, the totally-Ramond characters (Ramond-Ramond for both sides of the world-sheet) are given by the zero modes of the conformal fields ⋆ and thus behave as generalized supersymmetry indices of the theory. The particular index (4.12) and its d 2 τ integral Thus far we discussed the general features of all the (2, 2) vacua, regardless of their geometrical interpretation or lack thereof. Let us now turn to the vacua which are related to the Calabi-Yau threefolds and consider how the size of the internal threefold affects the four-dimensional gauge couplings. The "overall radius" R of the threefold is one of its (1, 1) moduli; according to eq. (4.1), it does not affect the (1, 2) moduli U i , so we may safely disregard the latter in the following discussion. In terms of the cohomologically defined (1, 1) moduli T i , all ⋆ The non-zero modes come in supermultiplets -the totally-Ramond boundary conditions preserve all of the world-sheet supersymmetries -and the bosonic non-zero modes cancel against the fermionic ones and vice verse.
the Re T i are proportional to R 2 while the torsions Im T i are radius-independent.
For each torsion, there is a discrete Peccei-Quinn symmetry; these symmetries involve neither Kähler transformations nor rescalings of the charged matter fields and hence should leave the Wilsonian gauge couplings Re f a invariant. Since the f a are holomorphic functions of T i , this immediately implies
where ω a,i are some rational proportionality constants and the last term is exponentially small in the large radius limit. Thus, in that limit we have 15) and the large radius behavior of the f Before we turn to string-theoretical reasons determining ω a , let us consider the field-theoretical non-harmonic contributions to the threshold corrections∆ a .
For Calabi-Yau manifolds that are both large and smooth, i.e., when all of the Re T i are large, the Kähler functionK 1 can be approximated as [60, 35] 16) and hence exp(K 1 ) is proportional to R −6 while the moduli metric matrix G 1 scales like R −4 . Substituting these scaling laws into eqs. (4.4) , collecting all the log R 2 terms and using eq. (4.15) gives us [61] ∆ a ≈ ω a R 2 − b a log R 2 + const (4.17)
for both the E 6 and the E 8 couplings. We emphasize that this result depends on all of the Re T i being large and does not apply to degenerate manifolds for which The curious coincidence between the coefficients of the log R 2 term in eqs.
(4.17) and the β-function coefficients for the respective gauge couplings suggests that perhaps in eq. (4.15), ω a = 0 and the entire radius-dependence of the threshold corrections∆ E6 and∆ E8 amounts to changing the effective threshold scale from the string scale M string ∼ 1/ √ α ′ to the Kaluza-Klein scale 1/R. [49] However, eq. (4.6) can be used to show that the leading term in the large-radius limit of ∆ E6 − ∆ E8 is proportional to the R 2 rather than to the log R 2 and hence
gives the large-radius limit of the topological index
where C 2 is the second Chern class of the Calabi-Yau threefold M, R is its Riemannian curvature tensor and the k i form a basis of the cohomology group H (1,1) . The left hand side here is obviously proportional to the R 2 while the right hand side is positive definite; together, they guarantee that F 1 and thus the difference∆ E6 −∆ E8 indeed grows like R 2 in the large-radius limit.
In terms of the Wilsonian couplings f while the entire Z matrix for the 27 matter fields is proportional to R −2 (cf. eq. (4.2)). For singular (2, 2) orbifolds, the same is true for the untwisted moduli and 27 matter fields, but the twisted fields have quite different scaling properties. For example, for the Z 3 orbifold, the Z matrix for the twisted 27's is proportional to R −4 instead of the usual R −2 . Of course, once the sharp points of an orbifold are blown up (and the blow-up radii increase proportionately to the overall radius R), we do recover the usual R −2 scaling properties of the Z 27 twisted matrix and thus restore the validity of eqs. (4.17) . say is that they have the general form (4.14) and do not grow faster than R 2 .
However, for some specific Calabi-Yau threefolds, the entire analytic form of both
and f (1) 8 can be deduced by essentially the same techniques as we used in section 3.
As an example, consider the quintic threefold analyzed by Candelas, de la Ossa, Green and Parkes. [37] It has h (1,2) = 101 but h ( We should also account for a possible Kähler transformation between different coordinate pictures, but fortunately, this transformation is trivial for the two particular pictures of the quintic discussed here. Thus, 21) which implies that the ψ-changing modular transformations are R-symmetries of the charged fields: 
8 (e 2πi/5 ψ) = f
The (2, 2) vacuum family of the quintic threefold includes the Gepner [3] 5 model [62] ; that particular vacuum corresponds to ψ = 0. The Gepner model has four massless abelian gauge fields as well as four massless matter superfields that are not present in the spectra of the generic vacua in the same family;
however, all these "accidentally" massless fields are neutral under the E 8 × E 6 gauge group. Therefore, the physical gauge couplings g E8 and g E6 should have no singularities at the "Gepner point" ψ = 0. At the same point, the metric 
8 (ψ) = −60 log ψ + finite, f
6 (ψ) = +188 log ψ + finite; (4.24) note that the modular transformations of the logarithmic terms here agrees with eqs. (4.23).
Besides the spurious Kähler singularity at the Gepner point ψ = 0, the (1, 1) moduli space of the quintic has two genuine, physical singularities: ψ → ∞ is the large radius limit of the threefold, and at ψ 5 = 1, the mirror threefold suffers from conifold degeneration.
[37]
In the large radius limit one has T ≈ log ψ 5 ;
thus, in light of eqs. this is rather implausible in terms of the known geometry of the conifold limit.
The second way is to have an infinite number of charged fields that all become massless at the same time, which means that in string-theory, the conifold limit would be equivalent to some kind of a decompactification and at ψ 5 = 1 we would effectively have five or more non-compact spacetime dimensions. In this scenario, the rate at which f and Ψ = ψ µ . However, were there additional operators of this kind in the internal part of the SCFT, the free right-moving fermion Ψ would have a zero mode in the Ramond sector. That zero mode would be inseparable from the zero modes of the four ψ µ and thus would allow changing the spacetime chirality of any fermionic particle without changing the rest of its quantum numbers; in other words, there would be absolutely no chirality in the particle spectrum of the four-dimensional theory.
⋆
Although the conifold limit of the quintic threefold corresponds to a somewhat singular (2, 2) vacuum, we do not believe it is singular enough to eliminate the non-zero Euler number of the theory and completely remove the chirality of its spacetime fermions. Therefore, we find it implausible that any particle that becomes accidentally massless in the conifold limit can carry an E 8 charge. The For the gauge coupling of the E 6 , the situation is somewhat different. The same argument we have just used for the E 8 also rules out any accidentally massless particles in the adjoint representation of the E 6 . Furthermore, the nontrivial chirality of the conifold limit also rules out any accidental enlargement of the E 6 gauge group to an E 7 or an E 8 . What we cannot rule out, and what we believe might indeed happen is the accidental masslessness of an 27 + 27 matter multiplet. As a result, the E 6 coupling would diverge logarithmically, and while we cannot calculate the coefficient of such divergence without knowing exactly how many 27 + 27 multiplets do become massless and the way their masses depend upon ψ 5 − 1, we can be sure of its sign. In terms of eq. Remarkably, all four models have exactly the same logarithmic divergence of the E 6 coupling in the conifold limit ψ k → 1. The coefficient (−2) of this divergence tells us that some 27 + 27 multiplets do become "accidentally" light in the conifold limit and that the product of their masses behaves like ψ k − 1 1/6 .
It would be interesting to verify this result by a direct string calculation of the masses.
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The quintessential Riemann identities of the N = 1, d = 4 spacetime supersymmetry are identities for the characters of the E 6 /D 4 coset algebra, which combines the internal H boson with the bosonized fermionic superpartners of the two transverse space coordinates. All the other Riemann identities can be derived from these and at genus = 1, there is one such identity, which reads [65] s
Here the subscript ρ labels the three conjugacy classes of the E 6 , RR stands for the Ramond-Ramond sector s = (1, 1) and the linear transformation of the (ν Ψ , ν H ) 2-vector on the right hand side is simply a π/3 rotation. The one-loop characters Ch E6/D4 can be expressed in Hamiltonian terms according to
Note the dual role played by the F H operator here: F H / √ 3 is the J-charge while F H itself is the fermion number due to H-related degrees of freedom. Similarly, F Ψ is both the fermion number for the two transverse fermions and also the helicity (or rather the Ψ-dependent part of the helicity).
The purpose of this Appendix is to use the Riemann identity (A.1) (or rather its complex conjugate) to establish the identity between the right hand sides of eqs. (2.13) and (2.17). Let us therefore start with eq. (2.13) and factorize the trace over the internal SCFT into a trace over the H-related part and a trace over the rest:
Clearly, the expression on the second line here is universal for all the spacetime-supersymmetric vacua; it is this expression that we are now going to rewrite in terms of the characters of the E 6 /D 4 coset.
The E 6 /D 4 coset is comprised of the H-boson and of an SO(2) generated by the two transverse fermions; the Z Ψ in eqs. (2.13) and (A.3) is precisely the partition function of those fermions. The derivative ∂Z Ψ /∂τ can also be obtained from the SO(2) characters Ch SO(2) (s, ν Ψ ,τ ), which satisfy differential equations 
(A.5)
The sum here is over the even sectors s only, but we can extend it to all the sectors since for ν Ψ = ν H = 0, the Ramond-Ramond character vanishes together with its diagonal second derivatives. In this manner, we arrive at precisely the character sum on the left hand side of eq. (A.1). Now we can use the Riemann identity and relate everything to the Ramond-Ramond characters, but we still need to apply the differential operator in (A.5), which gives us
Here we have again used the vanishing of the Ramond-Ramond character and its diagonal second derivatives at ν ′ Ψ = ν ′ H = 0.
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To calculate the remaining derivatives in eq. (A.6), we factorize the E 6 /D 4 character into the SO(2) character times the character of the H-boson sector and apply the ∂/∂ν ′ derivatives accordingly. For the SO(2) character we have
Thus, the entire complicated expression on the second line of eq. (A.3) reduces 
APPENDIX B Moduli Dependence of Matter-Field Metrics in Orbifolds.
In this Appendix, we derive eqs. (3.7) and calculate the exponents q i I in terms of the orbifold parameters of the respective matter fields Q I . Generally, in order to derive the parameters of the low-energy EQFT from the string theory, one calculates scattering amplitudes using either the string theory or the EQFT and demands that the two amplitudes for the same physical process agree with each other in the low-energy limit. The problem at hand involves the moduli dependence of the tree-level ZĪ J matrix for the matter fields, so we are going to calculate the tree-level four-particle amplitudes A (0) (Mī, QĪ, Q J , M j ) for the scattering of the moduli scalars M j off the matter scalars Q J . In EQFT, tree-level modulus-matter scattering is due to Einsteinian gravity and also due to sigma-model-like interactions arising from the moduli dependence of the ZĪ J (M, M) matrix. Thus, following a similar calculation in ref. 34 , we have
kinematic variables and Gī j = κ −2 ∂ī∂ jK is the metric of the moduli space.
Later in this Appendix, we will show that for the factorizable orbifolds, the tree-level string-theoretical amplitudes for scattering of the untwisted moduli off the matter scalars look like
At this point, however, we would like to derive the eq. 3) and it this formula that should agree in the low-energy limit with the field- Comparing their coefficients, we arrive at
(B.4) the last equality here follows from eq. (3.5).
It remains but to solve the differential equations (B.4) for the moduli dependence of the ZĪ J matrix. It is easy to see that a generic solution of these equations looks like
where Let us now turn to the derivation of the string-theoretical tree-level scattering amplitude (B.2); we use the formalism and many explicit results of refs. 66. In the Hamiltonian formalism for the world-sheet quantities, we have
where Q J and Q I are the asymptotic initial and final states of the matter scalar and T is the "time"-ordered product of the vertex operators for the moduli.
For the untwisted moduli of a factorizable orbifold, these operators are
(in string units α ′ = 1 2 ). For the sake of notational simplicity, we are going to consider the (1, 1) moduli T i first and only then address the (1, 2) moduli U i .
We begin by explaining the δī j δĪ J factor in eq. 
) is completely diagonal with respect to all the massless matter scalars, so we must have I = J as well.
Next, consider the diagonal matrix elements Q I T V T i , V T i Q I . Like all vertex correlators on the spherical world sheet, these matrix elements are products of the holomorphic and the antiholomorphic factors corresponding to the two world-sheet chiralities. On the left-moving, bosonic side of the heterotic string, 57 we have
Let 2πη i I (0 ≤ η i I < 1) be the angle by which the ith internal plane is rotated in the twist sector giving rise to the matter particle Q I . Then in that sector, the operators ∂X i and ∂X i decompose according to 
(again, η ≡ η i I ); substituting this matrix element into eq. (B.8) and integrating by parts, we arrive at
plus a total-holomorphic-derivative term that would not contribute to the integral (B.6). Now consider the right-moving, supersymmetric side of the heterotic string, where we have
Clearly, the bosonic matrix elements on the right hand side here is simply the complex conjugate of eq. (B.10) for the special case N i I = N i I = 0,
The fermionic matrix elements in eq. (B.12) follow from the decomposition
where {ψ i r+η , ψ i −p−η } = δ rp and -in the sector containing the Q I -r and p are half-integers and η ≡ η i I . For any of the twisted sectors of the orbifold, all matter states Q I are annihilated by all the ψ i r+η with r ≥ |0 , so one should distinguish between the cases ℓ I = i and ℓ I = i. Therefore,
for all twisted states, ⋆ and so the interchange η i I ↔ (1 − η i I ) is never needed. Therefore, Actually, the full story of such pairs of matter field is more complicated since they allow for non-diagonal scattering amplitudes in which one member of a pair turns into the other member while the U i modulus turns into the T i or vice verse. Therefore, we should add some non-diagonal terms to the right-hand ⋆ If any sector of the orbifold were to rotate the ith internal plane by any angle other than zero or π, the value of the U i modulus of the internal torus would be completely frozen by the orbifolding procedure. 
APPENDIX C Examples of Factorizable Orbifolds
In this Appendix, we verify eqs. 
The fact that all the Q I belonging to hypermultiplets have q 1 i = 0 and thus have metrics ZĪ J that do not depend on T 1 and U 1 reflects a universal property of N = 2 EQFTs: The metric for the hypermultiplets does not depend on the vector superfields and vice verse. Thus, since the moduli T 2,3 and U 2,3 belong to hypermultiplets, we should also have q 2 I = q 3 I = 0 for Q I in vector supermultiplets, which is indeed the case according to eq. (B.19). On the other hand, the 
where Ω obtains from an explicit calculation of the entire string-theoretical threshold corrections ∆ a (M, M) rather than the differences ∆ a −∆ a ′ . The explicit form of this mixing is given by eq. (3.21); the derivation of this formula and its physical implications will be presented in a forthcoming article.
The orbifold group of the N = 1 supersymmetric Z 3 orbifolds [43] is generated by the rotation Θ = (e 2πi/3 , e 2πi/3 , e 2πi/3 ). There are five inequivalent modularinvariant ways this group may act on the E 8 ×E 8 degrees of freedom; hence, there are five distinct Z 3 orbifolds, with unbroken gauge symmetries being respectively
A Z 3 orbifold has no (1, 2) moduli but nine (1, 1) moduli, and for generic values of these moduli, the orbifold is not quite factorizable -the three internal planes are not mutually orthogonal but mix with each other. However, since the purpose of this Appendix is to present examples of factorizable orbifolds, we impose factorizability by fiat, i.e., we assume that all six of the off-diagonal (1, 1) moduli have zero values and concentrate on the way the gauge couplings depends on the three diagonal moduli T 1,2,3 . Specifically, we are going to calculate the Let us start with the left-right symmetric Z 3 orbifold whose gauge group is
The matter states for this orbifold are summarized in the following table
where the last column gives the average value of the (q 1 , q 2 , q 3 ) (calculated according to eq. (B.19)) for all the states in any given raw. Substituting this spectrum -and the values of the q i I -into eqs. (3.10) and totalling the sums gives us
Next consider the Z 3 orbifold with the completely unbroken E 8 × E 8 gauge group. This orbifold is somewhat peculiar since it has no untwisted matter fields at all. It does have 243 twisted matter fields, but all of them are singlets under the gauge group and thus do not contribute the modular anomalies of the gauge couplings. Therefore,
The next Z 3 orbifold has both of the E 8 groups twisted in the same manner as the twisted E 8 of the left-right symmetric orbifold; its unbroken gauge group is
. The matter states of this orbifold are as follows: Therefore,
Note that for this orbifold eq. (C.5) holds true, but δ GS = −3 rather than −30.
We shall see momentarily that the other two Z 3 orbifolds in which both E 8 groups are broken also have δ GS = −30.
Indeed, the Z 3 orbifold with the G = SO(14) × U (1) × SU (9) gauge group has the following matter fields:
where the U (1) charges are normalized according to k U (1) = 2. Substituting this table of matter fields into eq. (3.10), we obtain
Similarly, for the remaining Z 3 orbifold with the
gauge group, the matter fields are 
and hence
where k U (1) = 2 0 0 1 is the normalization matrix for the two abelian gauge charges of the model. Again, eqs. (C.5) are satisfied but for δ GS = −12 rather than −30.
The orbifold group of the Z 2 × Z 2 orbifolds [43, 67] is generated by two rotations, Θ 1 = (−1, −1, +1) and Θ 2 = (−1, +1, −1); consequently, there are six untwisted moduli, T 1,2,3 and U 1,2,3 . Again, there are five inequivalent modular-invariant embeddings of the orbifold group into the E 8 × E 8 Kac-Moody algebra and hence five distinct Z 2 × Z 2 orbifolds, whose unbroken gauge symmetries are respectively
) and (SU (8) × U (1))×(SO(12) × SU (2) × SU (2)).
All three internal planes of a Z 2 × Z 2 orbifolds have non-trivial little groups D i = Z 2 making non-trivial N = 2 orbifolds. Depending on a particular Z 2 × Z 2 orbifold and on a particular plane, one may get either of the two Z 2 orbifolds:
The first has G = E 7 × SU (2) × E 8 and the hypermultiplet spectrum consisting of two copies of (56, 2, 1), sixteen copies of (56, 1, 1) and sixty four copies of The second Z 2 orbifold has G = E 7 × SU (2) × SO(16) and the hypermultiplet spectrum consisting of two copies of (56, 2, 1), two copies of (1, 1, 128) and sixteen copies of (1, 2, 16); consequently Substituting this spectrum into eqs. (3.10), we obtain where the abelian gauge charge is normalized to k U (1) = 1. Therefore, All of the above examples have a common feature that δ i GS = 0 whenever some twisted sectors leave the ith plane unrotated. However, a more general survey shows that δ i GS vanishes only when the little group D i of the ith plane has index 2 (which happens to be the case for all the non-trivial little groups of the Z 3 , Z 2 × Z 2 and Z 4 orbifolds). In particular, for the Z 6 orbifolds whose rotation group is generated by the Θ = (e 2πi/6 , e 2πi/3 , −1), the little groups are D 1 = 1, D 2 = Z 2 and D 3 = Z 3 ; consequently, δ 3 GS = 0 but δ 2 GS = 0.
There are sixty one inequivalent Z 6 twists of the E 8 × E 8 Kac-Moody algebra that are compatible with Θ = (e 2πi/6 , e 2πi/3 , −1). The resulting list of sixty one models is clearly much too long to be presented here in full detail, so we decided to present only two of these Z 6 orbifolds as examples: The left-right symmetric At the same time, the modular anomaly coefficients (3.10) of this Z 6 orbifold are α
